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Two long-standing problems in the construction of coherent state path integrals, the unwarranted
assumption of path continuity and the ambiguous definition of the Hamiltonian symbol, are rig-
orously solved. To this end the fully controlled dual representation familiar from lattice quantum
field theories is introduced. Dualization allows for both the step-by-step check in the construction
of discrete path integrals and for the identification of the Hamiltonian and Berry phase part of
the action, thus making both discrete and continuous path integrals consistently defined. Once the
correct action is constructed, we are able to follow the transition to the continuum for the polar
form of general Bose-Hubbard models and to provide an exact form of the path integral for general
spin systems, where previous works showed its failure for all standard choices of operator ordering.
Seventy years after its appearance in quantum mechan-
ics, Feynman’s path integral with its elegance and intu-
itive appeal is an essential part of the theoretical Physics
toolbox. In fact, many quantum (field) theories are de-
fined by just a path integral that provides their – non-
perturbative – quantization. However, the persistent is-
sue of the transition from the discrete to the (formal)
continuous versions of the theory remains. Important
physical phenomena like topological effects and key ap-
proximation methods like semiclassical expansions both
rely on the continuum versions, while for their numeri-
cal evaluation path integrals are typically re-discretized
(also controling their infinities) in an ad hoc manner.
Even for the cleanest example, i.e. nonrelativistic ther-
modynamic partition functions given as a trace over pe-
riodic boundary conditions in Euclidean time, and de-
spite great efforts, the equivalence of discrete path inte-
grals against both the continuum limit and the results
from the operator formulation has not been established
beyond linear systems, and every textbook spends a sec-
tion warning of the transition from discrete to continuous
paths [1, Sec. 6], [2, Sec. 7.7], [3, Sec. 27], [4, Sec 2.6],
[5, Sec. 7.2], [6, Sec. 12.3] and the related problems with
operator ordering. These issues are known to be partic-
ularly problematic for coherent state path integrals and
their widely used polar form [6–8], the latter unavoidable
in the case of spin systems [3, 5, 8]. Pointing at continuity
and ordering problems beyond the harmonic case – where
specially designed regularization schemes exist based on
exact Gaussian integration [2] – in [9] Wilson and Galitski
(WG) showed the breakdown of the polar form of the co-
herent path integral for the one-site Bose-Hubbard model
and single spin systems with Hamiltonians quadratic in
the spin generator: the result takes the form of a parti-
tion function, but it does not reproduce the correct one
obtained from operator methods.
In a nutshell, for a system with Hamiltonian Hˆ and an
overcomplete coherent state basis labelled by complex
numbers z eventually building discrete sequences (paths)
{z1, .., zN}, there are different choices for the complex
functionH(z∗,z′), the symbol, representing the unique Hˆ.
This itself is not a problem in an exact treatment, as all
representations must then be equivalent. The problems,
however, come from two unwarranted approximations.
First, ordering and continuity get mixed by the text-
book assumption H(z∗k, zk+1) = H(z
∗
k, zk) +O(∆) when
turning to paths z(τ) defined by z(k∆) = zk with ∆ ∼
1/N . Second, discrete actions contain a symplectic term
z∗k(zk+1 − zk) wrongly transformed to polar coordinates
z =
√
ρ eiϕ as z∗k(zk+1 − zk) = iρk(ϕk − ϕk−1) + O(∆),
via a chain of approximations including z∗z˙ ' iρϕ˙ (under
the τ -integral). To hope that the errors of these uncon-
trolled assumptions compensate each other is a dangerous
road, especially because these terms are specific for the
system’s Hamiltonian vs. universal. Fig. 1 summarizes
this highly unsatisfactory situation, where every ordering
produces a different symbol (for h see below), leading to
different results especially in the ground-state region.
Our goal here is to construct the coherent state path
integral representation of partition functions in general
non-linear systems without restoring to any ordering or
continuity assumption. In the main part of this letter, we
will present a fundamentally new approach where every
step of the derivation of the coherent state path integral
will be checked against an exact and controlled expansion
in terms of dual variables. We then will proceed to cir-
cumvent both ordering and continuity assumptions while
respecting the guidance principles of locality and intu-
itive simplicity that are a hallmark of path integral ap-
proaches. It is remarkable that by purely identical trans-
formations, and without any assumptions about continu-
ity of the paths and/or of the Hamiltonian symbol, this
program can be fully (and succesfully) pursued in all the
cases presented by WG, while from its very construction
it is clear that will remain correct for general Hamilto-
nians. In a sense, then, what we are providing here is a
definition of the coherent state path integral that can be
proven to be strictly equivalent to the operator formula-
tion at every step of its derivation.
For definiteness, we start with a single bosonic mode
with Hamilton operator Hˆ(bˆ†, bˆ) in terms of creation and
annihilation operators with [bˆ, bˆ†] = Iˆ. Coherent states
defined by |z〉 = exp(−|z|2/2 + z bˆ†)|0〉 with complex z
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2∑
k [z
∗
k(zk − zk+1) + ∆H(z∗k, zk+1)] (1)
∑
k [z
∗
k(zk − zk+1) + ∆H(z∗k, zk)] (I)
∫
dτ [−iρ ϕ˙+H(ρ;ϕ)] (II)
WG
below (10) ∑
k [z
∗
k(zk − zk+1) + ∆h(z∗k, zk)] (4)
∫
dτ [−iρ ϕ˙+ h(ρ;ϕ)] (III)
a la WG ∫
dτ
[− iρ φ˙+H(ρ;φ)] (15)-(17)
dual variables
Hˆ
FIG. 1. Correct (green) and incorrect (red) bosonic actions for coherent state path integrals with symbols discussed in the text.
satisfying b|z〉 = z|z〉 provide an overcomplete basis and
can be used to construct two discrete path integral ap-
proximations to the partition function Z = Tr e−βHˆ ap-
proaching it in the limit N → ∞ (resp. β/N = ∆ → 0)
[7]. We first follow the textbook approach getting
Z(N)H =
∫
dz e
∑N
k=1[z
∗
k(zk+1−zk)−∆H(z∗k,zk+1)] (1)
with
∫
dz =
∏N
k=1
∫
dRe zk d Im zk/pi and zN+1 = z1.
The first – symplectic or Berry phase – factor comes from
the scalar product 〈zk|zk+1〉 and the second – Hamilto-
nian – factor contains the in general complex symbol
H(z∗k, zk+1) :=
〈zk|Hˆ|zk+1〉
〈zk|zk+1〉 . (2)
It is best computed in normal ordered form (bˆ right of
bˆ†), where one simply replaces bˆ → zk+1, bˆ† → z∗k. A
second form is provided by the P -representation [10],
Hˆ =
∫
dRe z d Im z
pi
h(z∗, z) |z〉〈z| (3)
best computed in anti-normal ordered form (bˆ left of bˆ†),
where bˆ → zk, bˆ† → z∗k. In contrast to H, the real h-
symbol is diagonal in arguments zk in its path integral
Z(N)h =
∫
dz e
∑N
k=1[z
∗
k(zk+1−zk)−∆h(z∗k,zk)]. (4)
As the first system we consider nonlinear Hamiltonians
Hˆq = g (bˆ
†)q(bˆ)q (5)
including the harmonic oscillator for q = 1, an admittedly
special linear case, and the one-mode Bose-Hubbard sys-
tem discussed in WG and [11] for q = 2. The partition
function is immediately given in the number operator ap-
proach nˆ = bˆ†bˆ with eigenvalues n = 0, 1, ... One finds
(bˆ†)q(bˆ)q = nˆ(nˆ− 1)..(nˆ− q + 1) =: nˆ!/(nˆ− q)! [12], thus
Zq =
∞∑
n=0
e−βg
n!
(n−q)! = q +
∞∑
n=0
e−βg
(n+q)!
n! (6)
with a characteristic q-fold ground state degener-
acy. Since the Hamiltonian in Eq. (5) is nor-
mal ordered, the H-symbol is directly obtained as
Hq(z
∗
k, zk+1) = g(z
∗
k)
q(zk+1)
q, and its local approxima-
tion reads Hq(z
∗
k, zk) = g |zk|2q. From anti-normal or-
dering (bˆ†)q(bˆ)q =
∑q
r=0(−1)r+q q!r!
(
q
r
)
(bˆ)r(bˆ†)r – which
follows from the commutator relation without mod-
ifying the Hamiltonian – one obtains hq(z
∗
k, zk) =
g (−1)qq!Lq(|zk|2) as a Laguerre polynomial [12].
Before introducing our approach let us summarize and
analyse the problem of continuum path integrals by virtue
of this example. While it has been long known that mild
problems (extra additive terms) arise in the q = 1 case
[2], for q ≥ 2 the polar form of the continuum action from
the H-symbol,
∫ β
0
dτ (−iρϕ˙+ gρq), i.e. (II) in Fig. 1, was
definitively proven wrong by WG: after integration by
parts the ϕ-integral demands ρ to be constant, while the
boundary term fixes it to non-negative integers n. Then
Zq =
∑∞
n=0 exp(−gβnq) which differs from the correct
result of Eq. (6) especially in the low-lying states, see
Fig. 2. The methods of [11] do not apply beyond q = 2.
Since the continuity of the paths assumed in this re-
sult is used at both symplectic (by using standard chain
rules for the change to polar coordinates) and Hamil-
tonian (by using a diagonal symbol) terms of the ac-
tion, we need a way to disentangle these two issues. To
this end the continuity of the symplectic term can be
proven independently wrong by means of the (exactly di-
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arsinh(Εn)
En=n!/(n-q)! ✓
(n+q)!/n! (I)
nq (II)
(-1)qq!Lq(n) (III)
FIG. 2. Exponents (squeezed by arcsinh) of the partition
function of Eq. (6) with q = 4, βg = 1 (blue) and wrong path
integral results (I)-(III) for it (black, red, green) discussed in
the text and Fig. 1. All agree in the asymptotic behavior, but
none of the latter gets the four zero ground states correctly.
3agonal) h-representation, where a direct calculation in
the same fashion, i.e. with the action (III) in Fig. 1, gives∑∞
n=0 exp(−gβ(−1)qq!Lq(n)), that again differs from the
correct result of Eq. (6), see Fig. 2.
Our method of tackling path integrals consists of dual
(flux/worldline) variables, an approach that has solved
the sign problem at nonzero chemical potential in a num-
ber of physical systems [13, 14] and also bears similarities
to the first step in the dualization of the Ising model [15].
The guiding principle is to factorize the original variables
on different time-slices. To this end, the off-diagonal sym-
plectic exponential is expanded as
e z
∗
kzk+1 =
∞∑
mk=0
(ρkρk+1)
mk/2 e−i(ϕk−ϕk+1)mk
mk!
, (7)
where (ρ, ϕ)N+1 = (ρ, ϕ)1, while the measure becomes∏N
k=1
∫∞
0
dρk
∫ 2pi
0
dϕk/2pi. The new degrees of freedom
mk are non-negative occupation numbers living on the
bond connecting the time slices k and k + 1. With the
(exact) representation of Zh as a product over 1 − ∆h,
i.e. before having re-exponentiated ∆h in Eq. (4), we get
Z(N)hq =
N∏
k=1
∞∑
mk=0
∫ 2pi
0
dϕk
2pi
e−iϕk(mk−mk−1) (8)
× 1
mk!
∫ ∞
0
dρk e
−ρk ρ(mk+mk−1)/2k
(
1−∆hq(ρk)
)
,
where m0 = mN . Now all original variables (ρ, ϕ)k can
be integrated out exactly: the ϕk-integrals are that of
Lagrange multipliers constraining the mk’s to be identi-
cal for neighboring and thus all k’s – which is a manifest
conservation of the particle number (as Hˆ commutes with
nˆ) – such that only one m-sum is left in
Z(N)hq =
∞∑
m=0
N∏
k=1
[1−∆Hq(m)]→
∞∑
m=0
e−βHq(m), (9)
where the ρk-integrals provide the mapping
h(ρ) ⇒ H(m) = 1
m!
∫ ∞
0
dρ e−ρ ρm h(ρ) , (10)
a Laguerre transform with the occupation number as new
argument. For Hˆq, Eq. (5), we getHq(m) = gm!/(m−q)!
making the partition function, Eq. (9), exact. The lin-
earity of Eq. (10) allows to define H symbols for linear
combinations of Hˆq and thus all particle-number con-
serving (one site-)systems. Remarkably, the new symbol
H(m) has the same functional form as the Hamiltonian
Hˆ(nˆ). This is a nontrivial result of using the h-symbol
together with its Laguerre transform to H [12].
With the same formalism we can easily show that, on
the contrary, the path integral with a diagonal H-symbol,
g ρqk, i.e. action (I) in Fig. 1, is mapped onto g (m+q)!/m!
and thus misses ground states, see Fig. 2 [12].
The observation that allows us to further reformulate
the path integral is the presence of a term e−imk(ϕk−ϕk+1)
resembling the polar form of the symplectic term. In
order to take full advantage of this observation we now
consider a general L-mode (or L-site) bosonic system de-
scribed by field operators collected in bˆ = (bˆ1, . . . , bˆL)
with canonical commutation relations [bˆi, bˆ
†
j ] = δij Iˆ and
a completely general Hamiltonian Hˆ = H(bˆ, bˆ†). As for
the one-site case, the proper starting point of any exact
manipulation is the repeated use of the P -representation
with symbol h(zk, z
∗
k) depending on all the site indexes
at discrete time k, zk = (z1,k, . . . , zL,k). The construc-
tion of Z(N)h is straightforward, with a symplectic term∑N
k=1 z
∗
kzk+1 that is dualized as in Eq. (7) in terms of
non-negative integers mk on time-bonds.
The key technical step is to transform the sums over
discrete dual variables into integrals by means of Poisson
resummation [2, 16], i.e.,
∞∑
m=0
f(m) e−im(ϕ−ϕ
′) =
∞∑
s=−∞
∫ ∞
0−0
dmf(m) e−im(ϕ−ϕ
′+2pis)
(11)
and instead of performing the integrations over both
(ρ,ϕ)k (a very difficult task in this general case), we
perform exactly only the ρ-ones. A major virtue of this
exact manipulations is that one can write the integers
s as differences of yet other integers, sk = rk − rk+1
(for k = 2, ..., N), and s1 = −r2, such that the only
appearance of the phases ϕ is next to the correspond-
ing r, (ϕ + 2pir)k =: φk (for k = 2, .., N). The new
angles φ now extend over the whole axis (eating the r-
sums), but boundary terms have to be treated separately
rN+1 =: Q, ϕ1 =: ϕ. Renaming mk = ρk and shifting
for simplicity φk → φk−1, and with
φ0 := ϕ, φN := ϕ+ 2piQ, ρ0 := ρN =: ρ (12)
making winding numbers Q explicit, we get finally
Z(N)H =
∞∑
Q=−∞
∫ ∞
0
dρ
∫ 2pi
0
dϕ
(2pi)L
[
N−1∏
k=1
∫ ∞
0
dρk
∫ ∞
−∞
dφk
(2pi)L
]
× e
∑N−1
k=0 [iρk+1(φk+1−φk)−∆H(ρk+1,ρk;φk)] , (13)
(assuming all symbols to be 2pi-periodic in arg z) where
the new, “Laguerre”, symbol
H(ρ,ρ′;φ) = (14) L∏
i=1
∫ ∞
0
dri
e−rir
ρi+ρ
′
i
2
i√
Γ(ρi + 1)Γ(ρ′i + 1)
h(z∗, z)∣∣∣
zi=
√
ri eiφi
generalizes Eq. (10), making (13) exact. Thanks to this
exactness, the ambiguity of formal manipulations char-
acteristic of the transition to the continuum is now fully
4resolved by providing a definition of the continuum limit
with the discretization prescription of Eq. (13). Perform-
ing the Q-sum quantizing ρ to a non-negative integer n,
this exact path integral in polar coordinates reads
ZH =
∞∑
n=0
∫ 2pi
0
dϕ
(2pi)L
∫ φ(β)=φ(0)=ϕ
ρ(β−0)=ρ(0−0)=n
D[ρ(τ);φ(τ)]
× exp (−(Ss + Sd)[ρ(τ);φ(τ)]) , (15)
where we introduced the (in general non-continuous!) L-
component paths ρ(τ),φ(τ) such that ρ(τk−∆/2) := ρk,
φ(τk) := φk with τk = k∆ (k = 0, .., N) and used central
difference, midpoint respectively left point rule to obtain
Ss[ρ;φ] := − i
∫ β
0
dτ ρ(τ)φ˙(τ) = i
∫ β
0
dτ ρ˙(τ)φ(τ) , (16)
Sd[ρ;φ] :=
∫ β
0
dτ H(ρ(τ + 0),ρ(τ − 0);φ(τ)) , (17)
including integration by parts (exactly transformed into
summation by parts and therefore perfectly valid con-
trary to the claims of [11]).
Summarizing our main findings so far, by means of du-
alization we have i) completely removed any unjustified
assumption about path continuity in the coherent state
path integral, ii) constructed its exact polar version in
both discrete and continuous form and, iii) identified the
exact Hamiltonian symbol.
In particular, for the hopping term of the Bose-
Hubbard model, HˆJ = (J/2)
∑
i,j(bˆ
†
i bˆj + bˆ
†
j bˆi) – where
the heuristic symbols suggested by WG do not apply –
the path integral in polar coordinates is exact both in
discrete and continuous form if and only if one uses
HJ(ρ,ρ′;φ) = J
∑
i,j
γ(ρi, ρ
′
i)γ(ρj , ρ
′
j) cos (φj − φi) ,
γ(ρ, ρ′) =
Γ
(
ρ+ρ′
2 +
3
2
)
√
Γ (ρ+ 1) Γ (ρ′ + 1)
. (18)
In the presence of such hopping terms the φ-integrations
are that of Lagrange multipliers only after expanding
e−Sd (in the coupling J) yielding powers of
∫ β
0
dτ ′HJ(τ ′).
The corresponding factors e±iφ(τ
′) give rise to unit jumps
in ρ(τ) (of opposite direction at site i and j) at those τ ′s,
a path integral consequence of [HˆJ , nˆi] 6= 0. The factors
γ(ρi, ρi + 1)γ(ρj , ρj − 1) =
√
(ρi + 1)ρj (19)
have a characteristic form: the root of the bigger occupa-
tion number at each jump, reflecting expectation values
of bˆ†bˆ in number states. While repeated use of this re-
sult in the J expansion of Z provides an exact resumma-
tion in terms of discontinuous paths of the diagrammatic
Monte Carlo method [17, 18], the standard replacement
γ(ρ, ρ′) ' √ρ, only valid for smooth paths and in the
semiclassical limit ρ  1 [19], results in expansion coef-
ficients identically equal to zero.
Our results are of special relevance if amplitude-phase
variables are important, a prominent example being spin
systems for which standard derivations of the path in-
tegral use the polar (Bloch) representation of the spin
coherent states [3, 5, 8, 20]. As we have seen, such ap-
proaches will automatically suffer from the continuity as-
sumption and indeed break down as shown by WG. In
the following we will construct the exact path integral for
spin systems valid for general Hamiltonians and explicitly
show its exactness using dualization.
We consider a spin system described by Hˆspin in terms
of operators Sˆ = (Sˆx, Sˆy, Sˆz) obeying [Sˆi, Sˆj ] = i~ijkSˆk
and fixed eigenvalue ~2S(S+1) of the total spin Sˆ · Sˆ. By
means of 2Sˆ = ~(bˆ†1bˆ2 + bˆ
†
2bˆ1, i(bˆ
†
1bˆ2− bˆ†2bˆ1), bˆ†1bˆ1− bˆ†2bˆ2) we
represent the spin algebra on an L = 2 bosonic system,
namely on the subspace nˆ1+nˆ2 = 2S. After we construct
the path integral in the whole Hilbert space of the bosonic
system, Eqs. (14)-(16), we identify the different sectors
of total particle number to read off the corresponding
partition function with fixed total spin. This so-called
Schwinger boson mapping avoids the non-analytic sym-
bols from the Holstein-Primakov construction [21].
First of all, due to the particular representation of Sˆ in
terms of bˆ = (bˆ1, bˆ2) and bˆ
†, the corresponding symbol
hspin(z, z
∗) and its Laguerre transform Hspin(ρ,ρ′;φ1 −
φ2) only depend on the angle variable difference. There-
fore, we can exactly integrate out the sum φ1 + φ2 that
only appears in the symplectic term and that fixes the
sum ρ1 +ρ2 (and thus n1 +n2) to a constant that is easily
identified with 2S. Writing ρ1 = η and ρ2 = 2S−η (both
in [0, 2S]) and n1 = n (in {0, .., 2S}), the continuous path
integral – which is in one-to-one correspondence with the
discrete version – represents the partition function as
Zspin =
2S∑
n=0
∫ 2pi
0
dϕ
2pi
∫ φ(β)=φ(0)=ϕ
η(β−0)=η(0−0)=n
D[η ∈ [0, 2S], φ]
× exp (−Ss[η;φ]− Sd[η, 2S − η;φ1 − φ2 = φ]) (20)
being the exact path integral for spin systems. Contrary
to several claims [5, 20, 22], no regularization term ap-
pears. Moreover, the famous Berry phase/Wess-Zumino-
Witten term for spin actions [23–25] follows immediately
from Ss[η, φ] upon parametrizing η(τ) = S(1 + cos θ(τ)).
As a first application, we consider Hˆ
(z)
spin = f(Sˆz) =
f(~(nˆ1 − nˆ2)/2) whose symbols h and H are indepen-
dendent of both angular variables, such that η = n is
constant. Our observation for purely nˆ-dependent sys-
tems below Eq. (10) straightforwardly yields H(z)spin(ρ) =
f(~(ρ1 − ρ2)/2) = f(~(η − S)) ≡ f(~(n− S)), and iden-
tifying n− S with the quantum number m ∈ {−S, .., S}
gives the exact results for all these cases, whereas WG
showed the usual form of the spin path integral to fail
except for the special case S = 1/2 and linear f .
5Second, in order to treat another example beyond WG
and to see the key importance of the (τ ± 0)-prescription
in the Hamiltonian (17) (obsolete for the previous case of
constant paths), we now consider S = 1/2 and Hˆ
(x)
spin =
ωSˆx with Z(x)spin = 2 cosh(β~ω/2). The symbol is that
of Eq. (18) with J = ~ω and ρi = η ∈ [0, 1]. To low-
est nontrivial order ω2, two unit jumps of opposite sign
(for a periodic η) appear at τ1,2. The integrand of the
τ1,2-integration is the constant [~ω γ(0, 1) γ(1, 0)/2]2 =
(~ω)2/4 (see Eq. (19)) and together with combinatorics
this yields the correct perturbative term (β~ω)2/4 in-
deed. Incorrectly using the H-symbol forced diagonal
again, H
(x)
spin(η, φ) = ~ω
√
η (1− η) cosφ, one would have
to evaluate η(τ) directly at the jumps τ1,2. Writing
η(τ) near a jump with the Heaviside function Θ, the
square root becomes
√
Θ(0)(1−Θ(0)) and no prescrip-
tion for Θ(0) exists in which this square root agrees with
γ(0, 1)γ(1, 0) = 1 as necessary for the correct result.
Outlook. By constructing the action functionals that
render path integrals for general non-relativistic many
body bosonic and spin systems exact, we provide the long
sought rigorous basis for their systematic use. Two main
general aspects of this are i) the numerical implemen-
tation of coherent state path integrals based on explic-
itly summing over paths including regularization of con-
tributions from discontinuities, and ii) semiclassical and
saddle-point analysis starting from the correct Hamilto-
nian symbol. Our construction for spin systems is of par-
ticular interest since it can be now be used to construct
an exact path integral for fermions in terms of complex
(non-Grassmann) classical functions [26], with the sub-
sequent possibility to construct exact path integrals in
condensed matter and also relativistic (supersymmetric,
gauge etc.) systems. Extending our dualization meth-
ods into real time, the exact path integral representa-
tion of the propagator describing many-body systems far
from equilibrium [27] can be constructed, which is work
in progress.
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